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Abstract The boson-fermion correspondence of type A is an isomorphism between 
two super vertex algebras (and so has singularities in the operator product expan- 
sions only at z = w). The boson-fermion correspondence of type B plays similarly 
■ important role in many areas, including representation theory, integrable systems, 

random matrix theory and random processes. But the vertex operators describing it 
have singularities in their operator product expansions at both z = w and z = — w, 
and thus need a more general notion than that of a super vertex algebra. In this paper 
we present such a notion: the concept of a twisted vertex algebra, which generalizes 
the concept of super vertex algebra. The two sides of the correspondence of type B 
constitute two examples of twisted vertex algebras. The boson-fermion correspon- 
dence of type B is thus an isomorphism between two twisted vertex algebras. 



1 Introduction 

In 1h-1 dimensions (1 time and 1 space dimension) the bosons and fermions are re- 
lated by the boson-fermion correspondences. The simplest, and best known, case 
of a boson-fermion correspondence is that of type A, but there are other examples 
of boson-fermion correspondences, for instance the boson-fermion correspondence 
of type B, the super boson-fermion correspondences of type A and B, and others. 
They are extensively studied in many physics and mathematics papers, some of the 
first and most influential being the papers by Date-Jimbo-Kashiwara-Miwa, Igor 
Frenkel, Sato and Segal-Wilson, which make the connection between the represen- 
tation theory of Lie algebras and soliton theory. (Exposition of some of the math- 
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ematical results concerning the boson-fermion correspondence of type A are given 
in IIKR87L MMJDOOI .) As with any mathematical concept, there are at least two dis- 
tinct directions of inquiry. One is: what types of applications and structures we can 
get as a result of such a boson-fermion correspondence. And the second direction 
addresses the fundamental questions: What is a boson-fermion correspondence? A 
correspondence of what mathematical structures? For the simplest boson-fermion 
correspondence, that of type A (often called the charged free boson-fermion corre- 
spondence), both these directions of inquiry have been addressed, and applications 
thereof continue to be found. The first of these directions was also studied first, and 
the structures, properties, and applications of this boson-fermion correspondence 
turned out to be very rich and many varied. As was mentioned above, Date-Jimbo- 
Kashiwara-Miwa and Igor Frenkel discovered its connection to the theory of inte- 
grable systems, namely to the KP and KdV hierarchies, to the theory of symmetric 
polynomials and representation theory of infinite-dimensional Lie algebras, namely 
the floo algebra, (whence the name "type A" derives), as well as to the sl„ and other 
affine Lie algebras. Their work sparked further interest in it, and there are now con- 
nections to many other areas, including number theory and geometry, as well as 
random matrix theory and random processes (see for example papers by Harnad, 
Orlov and van de Leur). As this boson-fermion correspondence turned out to have 
so many applications and connections to various mathematical areas, the natural 
question needed to be addressed: what is a boson-fermion correspondence-a cor- 
respondence of what mathematical structures? A partial answer early on was given 
by Igor Frenkel in IIFreSll . but the full answer had to wait for the development 
of the theory of vertex algebras. Vertex operators were introduced in the earliest 
days of string theory and now play an important role in many areas such as quan- 
tum field theory, integrable models, representation theory, random matrix theory, 
and many others. The theory of super vertex algebras axiomatizes the properties of 
some, simplest, "algebras" of vertex operators (see for instance IIBor86l . IIFLM88L 
IIFHL93I . IIKac98ll . IILL04II ). Thus, the answer to the question "what is the boson- 
fermion correspondence of type A" is: the boson-fermion correspondence of type A 
is an isomorphism between two super vertex algebras ( ||Kac98ll ). 

For other well-known boson-fermion correspondences, e.g. the type B, the su- 
per correspondence of type B, and others, the question of applications and con- 
nections to other mathematical structures already has many answers. For example. 
Date, Jimbo, Kashiwara and Miwa, who introduced the correspondence of type B, 
discovered its connection to the theory of integrable systems, namely to the BKP 
hierarchy ( IIDJKM82I ). to the representation theory of the boo algebra (whence the 
name "type B" derives), to symmetric polynomials and the symmetric group (some 
further developments were provided by You in IIYou89l ). There are currently stud- 
ies of its connection to random matrices and random processes by J. Harnad, Van 
de Leur, Orlov, and others (see for example ||vdLO09l ). 

On the other hand the question of "what is the boson-fermion correspondence 
of type B" has not been answered. We know it is not an isomorphism between two 
super vertex algebras anymore, as the correspondence of type A was. In this paper 
we answer this question. To do that we need to introduce the concept of a twisted 
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vertex algebra, which generalizes the concept of super vertex algebra. The boson- 
fermion correspondence of type B is then an isomorphism between two twisted 
vertex algebras. 

The overview of the paper: first we briefly describe the examples of the two super 
vertex algebras that constitute the boson-fermion correspondence of type A. We 
list only one property which is the "imprint" of the boson-fermion correspondence 
of type A: namely the Cauchy determinant identity that follows from the equality 
between the vacuum expectation values of the two sides of the correspondence. (As 
discussed above, there are many, many properties and applications of any boson- 
fermion correspondence, which can, and do, occupy many papers). 

Next we proceed with the definition of a twisted vertex algebra and the examples 
of the two twisted vertex algebras that constitute the boson-fermion correspondence 
of type B. Then again we list only one property which is the "imprint" of the boson- 
fermion correspondence of type B: namely the Schur Pfaffian identity that follows 
from the equality between the vacuum expectation values of the two sides of the 
correspondence. 



2 Super vertex algebras and boson-fermion correspondence of 
type A 

The following definition is well known, it can be found for instance in IIFLM88I . 
IIFHL93I . IIKac98l . IILL04I and others. We recall it for completeness, as "algebras" 
of fields are the subject of this paper (Roughly speaking, all vertex algebras, be they 
super or twisted, are "singular algebras" of fields). 

Definition 2.1 (Field) A^eW a(z) on a vector space V is a series of the form 

^{^) = 52 '^(n)z " \ ^{n) G End(y), such that a(„)V — for any v G V, n ^ 0. 
neZ 

We also recall the following notation: For a rational function f{z, w) we denote by 
h,wfiz,w) the expansion of f{z,w) in the region |z| ^ |w|, and correspondingly 
for Similarly, we will denote by iz^,z2,---,z„ the expansion in the region 

|zi I S> • • • ^ |zh I . And lastly, we work with the category of super vector spaces, i.e., 
Z2 graded vector spaces. The flip map T is defined by 

x{a(g)b)^{-l)"'\b(E)a) (1) 

for any homogeneous elements a,b in the super vector space, where a, b denote 
correspondingly the parity of a, b. 

The definition of a super vertex algebra is well known, we refer the reader for 
example to IIFLM88I . IIFHL93L l|Kac98L IILL04I . as well as for notations, details 
and theorems. We only remark that (classical) vertex algebras have two important 
properties which we would hke to carry over to the case of twisted vertex algebras. 
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These are the analytic continuation and completeness with respect to Operator Prod- 
uct Expansions (OPEs). In fact our definition of a twisted vertex algebra is based on 
enforcing these two properties. Recall we have for the OPE of two fields 

't^' cj(w) 

aiz)b{w) = : a{z)b{w) (2) 

where : a{z)b{w) : denotes the nonsingular part of the expansion of a{z)b{w) as a 
Laurent series in {z~w). We call : a{z)b{z) : a normal ordered product of the fields 
a{z) and b{z). Moreover, Res^=wa{z)b{w){z — w)^ ~ c-'(w) ~ {a^j-^b){w), i.e., the 
coefficients of the OPEs are fields in the same super vertex algebra. Since for the 
commutation relations only the singular part of the OPEs matters, we abbreviate the 
OPE above as: 

<z)b(^.)^l^J^^^. (3) 

For many examples, super vertex algebras are generated by a much smaller num- 
ber of generating fields, with imposing the condition that the resulting space of fields 
of the vertex algebra has to be closed under certain operations: For any field a{z) 
the field Da{z) = d-a{z) has to be a field in the vertex algebra. Also, the OPEs coef- 
ficients (c^(w) from (O) and normal ordered products : a{z)b{z) : of any two fields 
a{z) and b{w) have to be fields in the vertex algebra. Note that the identity operator 
on V is always a trivial field in the vertex algebra, corresponding to the vacuum vec- 
tor |0) G V. The OPEs are a good indicator of the restrictions placed by the definition 
of the super vertex algebra: for example, the only functions allowed in the OPEs 
when the identity field is the coefficient are the j^^^ with j & N (this is clearly 
seen in (|4]i). We will use this information later as a way to compare the different 
generalizations of vertex algebras existing in the math literature, see Remark|4]later. 

Let us thus turn our attention to the boson-fermion correspondence of type A. The 
fermion side of the boson-fermion correspondence of type A is a super vertex alge- 
bra generated by two nontrivial odd fields — two charged fermions: the fields 0(z) 
and y/{z) with only nontrivial operator product expansion (OPE) (see e.g. HMJDOOI . 
llKRgTl and IIKac98l ): 

(?>(z)V^(w) i ¥{z)^{w), (4) 

z — w 

where the 1 above denotes the identity map Id. The modes 0„ and xj/^, n G Z of the 
fields 0(z) and which we index as follows: 

nGZ nGZ 

form a Clifford algebra CIa with relations 



(6) 
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The indexing of the generating fields vary depending on the point of view; our in- 
dexing here corresponds to ^„ = v„+i, y/n = v*_„ in IIKR87I . This indexing and 
the properties of the vertex algebra dictate that the underlying space of states of this 
super vertex algebra — the fermionic Fock space — is the highest weight representa- 
tion of CIa generated by the vacuum vector 1 0) , so that (j)„ 1 0) = 1 0) = for « < 0. 
We denote both the space of states and the resulting vertex algebra generated by the 
fields (j) (z) and by Fa- It is often called the charged free fermion vertex algebra. 

We can calculate vacuum expectation values if we have a symmetric bilinear 
form ( I ) : y (X) y — > C on the space of states of the vertex algebra V. Recalfl it 
is required that the bilinear form is such that the vacuum vector 1 = |0) spans an 
orthogonal subspace on its own, and that the bilinear form is normalized on the 
vacuum vector. By abuse of notation we will just write (0 | 0) instead of ((0| | |0)). 

Lemma 2.2 The following determinant formula for the vacuum expectation values 
on the fermionic side Fa holds ( hMJDO&i ): 

(0|(/)(zi)(/)(z2) . . . 0fc,)V^(wi) V(W2) . . . VK)|0) = {-\)<''-')l\^det{—^X 
Here iz;w stands for the expansion izi,z2,--,z„,wi,...,w„- 

The proof is usually given using Wick's formula, see OMJDOOI . although in ]Ang) 
we give a proof depending entirely on the underlying Hopf algebra structure similar 
to Laplace pairing. 

The boson-fermion correspondence of type A is determined once we write the 
images of generating fields (p{z) and yf{z) under the correspondence. In order to do 
that, an essential ingredient is the so-called Heisenberg field h{z) given by 

h{z) =: ^{z)w{z) : (7) 

It follows that the Heisenberg field h{z) = Y.nei^nZ^"^^ has OPEs with itself given 
by: 

h{z)h{w)^- -y, in modes; [/2„,,/!„] =OT5m+„,()l- (8) 

[z—wY 

i.e., its modes /z„, n E Z, generate a Heisenberg algebra It is well known that 
any irreducible highest weight module of this Heisenberg algebra is isomorphic to 
the polynomial algebra with infinitely many variables = C [xi , ^1:2 , . . . , x„ , . . . l.The 
fermionic Fock space decomposes (via the charge decomposition, for details see for 
example IIKR87I ) as Fa = (BiezBi, which we can write as 

Fa = (SiezBi = C[e",e-"] ® C[xi,X2, . . . ,x„, . . .], (9) 

where by C[e",e^"] we mean the Laurent polynomials with one variable e«.0The 
isomorphism is as Heisenberg modules, where e"" is identified as the highest weight 

' There is a very important concept of an invariant bilinear form on a vertex algebra, for details see 
for example IFHL93I , |Li94l . 

^ The reason for this notation is that the resulting vertex algebra is a lattice vertex algebra. 
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vector for the irreducible Heisenberg module B„. We denote the vector space on the 
right-hand-side of this c^-module isomorphism by B^- is then the underlying 
vector space of the bosonic side of the boson-fermion correspondence of type A. 

Now we can write the images of generating fields {£) and (//(z) under the cor- 
respondence: 

(10) 

where the generating fields e"(z), e^"(z) for the bosonic part of the correspondence 
are given by 

=exp(£ — z")exp(- 

n>\ n>\ 

=exp(- £ ^z")exp(^ 

the operators e", e^", z'^" and z^'^" act in an obvious way on the space Ba- 

The resulting super vertex algebra generated by the fields e" (z) and e^" (z) with 
underlying vector space B^ we denote also by B^. 

Lemma 2.3 The following product formula for the vacuum expectation values on 
the bosonic side B^ holds: 



m<jiizi-Zj){wi-wj)) 
nij=,{zi-wj) 



Here i^-^w stands for the expansion izi,z2,.-.,z„,wi,...,w„- 

Theorem 2.4 ( l[Kac98]l } The boson-fermion correspondence of type A is the iso- 
morphism between the charged free fermion super vertex algebra and the 
bosonic super vertex algebra B^- 

Lemma 2.5 The Cauchy 's determinant identity follows from the equality of the vac- 
uum expectation values: 

{-lY^"-')l^det(-^Y =AC(O|0(zi)...(/)(z„)r(wi)...rK)|O) = 

^Zi - Wj/ i,i=\ 

= Ame'^[z,)...e^iz.)e-'^iw,)...e-%w,m-^^^ 
AC stands for Analytic Continuation. 

The Cauchy determinant identity (the equality between the first and the fourth ex- 
pressions) is a historic identity and is well known, one of the oldest references be- 
ing ILitTOI . The proof of it is usually given using factorization, remarkably even in 
BMJDOOL see Remark 5.1 there. The point here is that the Cauchy identity follows 
immediately from the equality of the vacuum expectation values of both sides of the 
boson-fermion correspondence, and is a quintessential "imprint" of the correspon- 
dence (although this identity is absent in some standard mathematical references of 
the boson-fermion correspondence of type A like IIKR87I and ||Kac98l ). 
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3 Twisted vertex algebras and boson-fermion correspondence of 
typeB 

Here we will only give the definition for a twisted vertex algebra of order 2, for 



more general definition and details see | Ang|. We begin with some preliminaries 



Definition 3.1 The Hopf algebra Ht_i is the Hopf algebra with a primitive genera- 
tor D and a grouplike generator T_i subject to the relations: 

DT_i=-T_iD, and{T_if = l (11) 

Denote by ¥\{z^w) the space of rational functions in the variables z,w e C with 
only poles at z = 0, z = ±w. Note that we do not allow poles at w = 0, i.e., if 
/(z,w) G Fg_(z,w), then /(z,0) is well defined. Similarly, F^(zi ,Z2, • ■ ■ is the 
space of rational functions in variables z\,Z2t..,Zi with only poles at zi = 0, or 
Zj = ±Zi:. Fj_(z, w) is a Ht_i ®Hj ^ Hopf algebra module by 

D,/(z,w)=a/(z,w), (r_i),/(z,w)=/(-z,w) (12) 
D„,/(z,w)=5„,/(z,w), (r_i),,/(z,w)=/(z,-w) (13) 

We will denote the action of elements /ig) 1 G Ht_i ®Ht_^ on F±(z,w) by h^-, and 
similarly h„- will denote the action of elements \ ®h€ Ht_i (E)Ht_i- 

Definition 3.2 (Twisted vertex algebra of order 2) 

Twisted vertex algebra of order 2 is a collection of the following data: 

• the space of states: a vector space W; 

• the space of fields: a vector super space V- an Ht_i module, such that V D W; 

• a projection: a linear map TZf :V ^ W; 

• a field-state correspondence: a linear map from V to the space of fields on W; 

• a vacuum vector: a vector 1 = |0) G W C V. 

This data should satisfy the following set of axioms: 

• Vacuum axiom: Y(l,z)—Idw; 

• Modified creation axiom: Y{a,z)l\z=o = ^f{o), for any a €^V; 

• Transfer of action: Y(ha,z) = h, ■ Y{a,z) for any h g Hj ^; 

• Analytic continuation: For any a,- € V, / = 1 , . . . , A:, the composition 
Y{a\,z\)Y {a2,Z2) ■ ■ -Y (ak^Zk)^ converges in the domain |zi | ^ • • • ^ |z/i| and 
can be continued to a rational vector valued function 

^zi ,Z2 (« 1 ® «2 ® • • • ® fl/i) : V®*^ ^ W ® Fi (zi , Z2 , . . . , ) , 

so thatY{ai,zi)Y{a2,Z2) ■ ■■Y{ai,,Zk)l = izi,z2,...,zk^Zi,z2:--.zMi® <^2® ■ ■■®ak) 

• Supercommutativity: X^ „,-{<^ <S^b) = X„-{T{a (g) b)), with T defined in ([T]l. 

• Completeness with respect to OPEs ( modified): For each n G N there exists l„ G Z 
such that Res~±w,Xy „o{a(>^b®v){zTw)" = Y{c„,w)nf{v)w'" for some c„ e V. 
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Remark 1. The axiom/property requiring completeness with respect to the OPEs 
is a weaker one than in the classical vertex algebra case. We can express this 
weaker axiom by saying that the modes of the OPE coefficients, the residues 
ReS:i^=±„{z^w)"Y {a,z)Y {b ,w), are the modes of a field that belongs to the twisted 
algebra, modulo a shift (a shift by w'" is allowed, but no more). The stronger prop- 
erty is violated in the interesting examples, see for instance Remark|4]below. □ 

Remark 2. The axiom of analytic continuation expresses two requirements: one, that 
the products of fields are expansions of rational operator valued functions in appro- 
priate regions; and two, that the only poles of these rational functions are at z = ±w. 
Thus, if we think of the variable z as being a square root of another variable z (simi- 
larly w = V^), then the only allowed singularities are at z^ = w^, i.e., at z = w, which 
is a prerequisite for the usual locality axiom (in the variable f). The usual locality 
axiom requires not only that the singularities are located only at z = w, but also that 
the supercommutativity axiom /?) =Xw,z{'^{a®b)) holds. These two ax- 

ioms combined produce the commutation or anticommutation relations obeyed by 
the bosons or fermions correspondingly. If we remove the supercommutativity ax- 
iom, then we can have a more general braided locality, instead of the usual locality, 
and there are examples (e.g., the quantum affine Lie algebras at roots of unity) which 
do not obey the supercommutativity axiom. But the examples of boson-fermion cor- 
respondences do indeed obey the supercommutativity axiom, which is why we have 
required it as part of our definition of a twisted vertex algebra. □ 

Remark 3. There are other generalizations of the notion of super vertex algebra, for 
instance there is the notion(s) of a twisted module for a vertex algebra (see IIFLM88L 
IIBK04I ): there are also the notions of a generalized vertex algebra (see e.g. IIDL93I . 
IIBK06I ). The notion of a twisted vertex algebra as outlined above is different from 
any of those notions in two main respects: the first difference is in the functions 
allowed in the OPEs (see Remark |4] below); the second is the fact that the space of 
fields is larger than the space of states (the space of states in the examples here is a 
proper projection of the space of fields). In this, the notion of twisted vertex algebra 
resembles the notion of a Deformed Chiral Algebra of IIFR97I . and although there 
are differences, one can think of a twisted vertex algebra as being the root of unity 
symmetric version of the Deformed Chiral Algebra concept. □ 

Similarly to super vertex algebras, twisted vertex algebras are often generated by 
a smaller number of fields (for a rigorous theorem regarding that see | Ang| ). The 



space of fields is then determined by requiring, as before, that it is closed under 
OPEs (see modification above). Also, as before, for any field a{z) the field Da{z) = 
dM{z) again has to be a field in the twisted vertex algebra. But now we also require 
that the field T_ia{z) = a{—z) is a field in the twisted vertex algebra of order 2 as 
well. Note that this immediately violates the stronger creation axiom for a classical 
vertex algebra, hence any such field cannot belong to a classical vertex algebra. This 
is the reason we require the modified field-state correspondence with the modified 
creation axiom for a twisted vertex algebra. 

We now proceed with the two examples of a twisted vertex algebra of order 
2 which give the two sides of the boson-fermion correspondence of type B. The 
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fermionic side is generated by a single field (z) = Lnez ^nz", with OPEs with itself 
given by ( MDJKM82I . 0You89l -modulo a factor of 2; | [Ang) ): 

z — w 

0(z)0(w) — , in modes: [^,„,^„]t =2(-l)'"5„,,_„l. (14) 

z + w 

Thus the modes generate a Clifford algebra CIb, and the underlying space of states, 
denoted by Fb, of the twisted vertex algebra is a highest weight representation of 
CIb with the vacuum vector |0), such that ^„|0) = for n < 0. The space of fields, 
which is larger than the space of states, is generated by the field (j) (z) together with 
its descendent T^i(p{z) = ^(^z)- We call the resulting twisted vertex algebra the 
free neutral fermion of type B0. and denote also by Fb- 

Remark 4. If we look at the defining OPE, (fT4l) . we can see that if we just write the 
singular part, we have the residue Res-=-K^{z)(p{w) = —2w ■ 1 = —Iwldw, which 
can not be a field in any vertex algebra as it is. But a shift by w^' will produce the 
field —2Idw, which is the field corresponding to the — 2|0). This exemplifies that in 
the OPEs of twisted vertex algebras when the identity field is the coefficient we do 
allow any function of the type ";' where G Z>o, / S N. For instance, besides 
the classical vertex algebra singularity we allow additionally, and on its own, 
— !— , which is not allowed in twisted modules for vertex algebras, nor in the notions 

z+w ' ° 

of generalized vertex algebras. In contrast, if the identity field is the coefficient, 
twisted modules for vertex algebras would only allow singularities in its OPEs of 
the type 

— ~ = (^Li—rj 2T' ' ^ ^>0' 

i.e., even though the singularities for twisted modules are indeed at z = ±w, only 
particular combinations of ^4^, and derivatives are allowed (see e.g. IIBK04I ). 
In the case of a generalized vertex algebra the singularities allowed in the OPEs 
when the vacuum field is the coefficient are of the type - — !— ,7- ~ , , ' ,i/„ , N ^N. 

[z—wj {z. —w^) ' 

□ 

The boson-fermion correspondence of type B is again determined once we write 
the image of the generating fields (j)(z) (and thus of r_i^(z) = 0(— z)) under the 
correspondence. In order to do that, an essential ingredient is once again the twisted 
Heisenberg field h(z) given b}0 

h{z) = \ ■■ <^{z)T-i<^{z) \ : (p{z)(p{-z) : (15) 

It follows that the twisted Heisenberg field, which due to the symmetry above has 
only odd-indexed modes, h{z) = LnGz/'2«+iZ has OPEs with itself given by: 



' The reason for the name is that there is a free neutral fennion of type D, which is commonly 
referred to as just "the free neutral fermion". In fact, there is a boson-fermion correspondence of 
type D-C, see |Ang| . 

^ For details on normal ordered products in this more general case see |Ang| , the construction uses 
an additional Hopf algebra structure, similar to Laplace pairing. 
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h{z)h(w) - —J 2T2 ' (16) 

Its modes, h„, n G 2Z+ 1, generate a twisted Heisenberg algebra J^z+i/i with re- 
lations [lii„,h„] = j8,„+„,ol, m,n are now odd integers. It has (up-to isomorphism) 
only one irreducible module B 1/, = C [x 1 , X3 , . . . , X2n+ 1 , • • • ] ■ The fermionic space of 
states Fb decomposes as = By, (for details, see IIDJKM82I , ||You89L 

| [Ang[ ). We can write this as an isomorphism of twisted Heisenberg modules for 
=j?^_[_i/2 in a similar way to the type A correspondence: 

FB=B,/,eB,/. = C[e",£'-"]«)C[xi,;c3,...,X2„+i,...], (17) 

but now we have the extra relation e^" = 1, i.e., e" = e^". The right-hand-side, 
which we denote by Bb, is the underlying vector space of states of the bosonic side 
of the boson-fermion correspondence of type B. 

Now we can write the image of the generating field 0(z) 1— > e"(z), which will 
determine the correspondence of type B (for proof see | |Ang| ): 



The fields (z) and e" (— z) = e^"{z) (observe the symmetry) generate the resulting 
twisted vertex algebra, which we denote also by Bb- 

Note that one Heisenberg J^^i/^-module Bi/-, on its own can be realized as a 
twisted module for an ordinary super vertex algebra (see IIFLM88II for details), 
but the point is that we need two of them glued together for the bosonic side of 
the correspondence. The two of them glued together as above no longer constitute a 
twisted module for an ordinary super vertex algebra. 

Theorem 3.3 The boson-fermion correspondence of type B is the isomorphism be- 
tween the fermionic twisted vertex algebra Fb and the bosonic twisted vertex alge- 
bra Bb- 

Lemma 3.4 The Schur Pfaffian identity follows from the equality between the vac- 
uum expectation values: 

ACmiz, )...</. (Z2„) |0> = ^/(^) , - fl ^ = AC(Ok«(z, ) . . . .«(Z2„) |0> 

\Zi+ZjJi.J=l U)Zi+Zj 

Here Pf denotes the Pfaffian of an antisymmetric matrix, AC stands for Analytic 
Continuation.. 

Remark: the general definition of a twisted vertex algebra of order A^, details and 
proofs can be found in (Ang]. 

In conclusion, we would like to thank the organizers of the International Work- 
shop "Lie Theory and its AppUcations in Physics" for a most enjoyable and produc- 
tive workshop, and may it continue for many years to come ! 
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